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1. (Exercise 6.15 of [Rud76], see also Exercise 7.3 of [Ste08]) Suppose f is a real,

continuously di!erentiable function on [a, b], f(a) = f(b) = 0, and

∫ b

a

f 2
(x)dx = 1.

Prove that

∫ b

a

xf(x)f →
(x)dx = →1

2
,

(∫ b

a

(f →
(x))2dx

)(∫ b

a

x2f 2
(x)dx

)
↑ 1

4

The inequality on the right is known as Heisenberg’s inequality and is related to the

uncertainty principle in physics.

2. (Exercise 7.3.8 of [BS11]) Let 0 < a < b. Find
∫ b

a ↓x↔dx where ↓x↔ denotes the

integer part of x for x ↑ 0. Hint: For x ↑ 0, consider F (x) = (n→ 1)x→ (n→ 1)n/2
for x ↗ [n→ 1, n), n ↗ N.

3. (Exercise 7.3.10 of [BS11]) Let f : [] ↘ R be continuous on [a, b] and let ω : [c, d] ↘ R
be di!erentiable on [c, d] with ω([c, d]) ≃ [a, b]. If we define G(x) :=

∫ ω(x)

a f , show
that G→

(x) = f(ω(x))ω →
(x) for all x ↗ [c, d].

4. (Exercise 7.3.14 of [BS11]) Show that there does not exist a continuously di!eren-

tiable function f on [0, 2] such that f(0) = →1, f(2) = 4, f →
(x) ⇐ 2 for 0 ⇐ x ⇐ 2.
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Pf: /xfMdx = Ponder where n-x
,

du =dx

du= f(x) f'(x)dx = v= 2f(x) .

= nu !
a
_ Gender
=2

byL" cond.

Schwarz's inequality with xf(x) und f'(x),

(x=f(x)dx)(S
.

(f'(x))2 ax)s() x+(x)+'(x)dx)" = +, .
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2. (Exercise 7.3.8 of [BS11]) Let 0 < a < b. Find
∫ b

a ↓x↔dx where ↓x↔ denotes the

integer part of x for x ↑ 0. Hint: For x ↑ 0, consider F (x) = (n→ 1)x→ (n→ 1)n/2
for x ↗ [n→ 1, n), n ↗ N.

↑: F'(x) = n- 1 = (x) for x+ (n - 1m) -

In order to apply FTC , we first need to check
that F is continuous and differentiable exceptat finitely may

points in [a .b].
clearly Fits on (n-1,u)

I
clearly , F des not have two Ifor meN. sided derivatives at n= 1

,2,3, .

at X=0
, n
= 1 and

but is differentable everywhere else
Ja

F(s) = (1- 1) . 0 - (1 - 1 2 = 0.

F(x)
dini F(x) = (1-1) - x - (1-Da = 0 .

12
at x=n , F(a) =m1)

hi F(x) = (n- 1)x - n() = n()
in- F(x) = (n- 1(x -M) = u(m)

V
.

z

So we apply FTC to obtain for n-1 ca< n , m-kbem

J(xdx = F(b)-F(a) = (m -Xb - (m-)m - (n-Da +ME
= (m-1)(b- E) - (n- 1)(a -1)

/
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3. (Exercise 7.3.10 of [BS11]) Let f : [a, b] ↘ R be continuous on [a, b] and let ω :

[c, d] ↘ R be di!erentiable on [c, d] with ω([c, d]) ≃ [a, b]. If we define G(x) :=∫ ω(x)

a f , show that G→
(x) = f(ω(x))ω →

(x) for all x ↗ [c, d].

If : cet F(x) = Sf . Then G(x) = F(r(x)

and Gi(x) = F'((x) r'(x) by chain nule and FTCjs.
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4. (Exercise 7.3.14 of [BS11]) Show that there does not exist a continuously di!eren-

tiable function f on [0, 2] such that f(0) = →1, f(2) = 4, f →
(x) ⇐ 2 for 0 ⇐ x ⇐ 2.

E: By FTC , f(x)=flydy + f (0)

"f"2dy + f(s) = 2x + ) +3 for xe [0,2)

So f(2) = 4 is impossible/
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